Let L be the derivation Lie algebra of
Introduction
Throughout the paper, the symbols C, N, Z and Z + represent for the complex field, the set of non-negative integers, the set of integers, and the set of positive integers, respectively. Denote m = {1, · · · , m} for m ≥ 1 and Z n = {(a 1 , · · · , a n )|a 1 , · · · , a n ∈ Z} for n ≥ 2. The rings and Lie algebras in our paper are all over C.
n ] be the Laurent polynomial ring with n variables. Let DerA n be the derivation Lie algebra of A n . When n = 1, DerA 1 is just the Witt algebra. The central extension of Witt algebra is called the Virasoro algebra, it is widely used in conformal field theory and string theory and plays important roles, the representation theories of Virasoro algebra are widely studied(see [M, OW, MZ1, MZ2] and the references therein). For n ≥ 2, DerA n is a natural generalization of Witt algebra. It is proved that DerA n (n ≥ 2) has no nontrivial central extension. The Virasoro-like Lie algebra is a central extension of a subalgebra of DerA 2 , which has also been widely studied (see [JM, LT2, KP, WZh, ZZ]) The quantum torus contains the Laurent polynomial ring A n as its special case. The derivation Lie algebras of quantum torus have many important application in the study of the representation theory of Lie algebras (see [LT1] and the references therein).
The purpose of this paper is to study explicitly the Whittaker modules for DerA 2 . Our aim is to give the classification of the simple Whittaker modules over DerA 2 .
Whittaker modules were first discovered for sl 2 (C) by Arnal and Pinczon (see [AP] ). The versions of Whittaker modules for finite-dimensional complex semisimple Lie algebras were generalized by Kostant in [Ko] . Since this class of modules tied up with Whittaker equations in number theory, Kostant called them Whittaker modules. He proved that for a given complex semisimple Lie algebra G, there is a bijection between its Whittaker modules and the ideals in the center of the universal enveloping algebra U(G). The prominent role played by Whittaker modules is illustrated by Block (see [B] ). In his paper, Block proved that any irreducible sl 2 (C)-module belongs to the following three families of modules: highest (or lowest) weight modules, Whittaker modules, and modules obtained by localization.
Since the definition of Whittaker modules is closely tied to triangular decomposition of a finite-dimensional complex semisimple Lie algebra G, it is natural to consider Whittaker modules for other algebras with a triangular decomposition such as the generalized Weyl algebras, Heisenberg algebras, affine Lie algebras, Virasoro algebras, Lie algebra of Block type and the Schröinger-Witt algebra, etc.(see [BO, Ch, OW, WZ, ZTL] ).
The paper is organized as follows. In Section 2, we construct a universal Whittaker module for DerA n . In section 3, we describe the Whittaker vectors and find all the simple nonsingular Whittaker modules. In section 4, the simplicity of nonsingular Whittaker modules is completely determined.
Preliminaries
Let L = DerA n be the derivation Lie algebra of
where
Lie algebra with the following multiplication:
For α = (α 1 , · · · , α n ) > 2ε n and i ∈ n, if α n > 2, then we have
if α n ≤ 2, then there is i 0 ∈ n − 1 such that α i 0 > 0, thus we have 
Clearly, W ψ is a universal Whittaker module with cyclic Whittaker vector w = 1 ⊗ 1, and
Whittaker vectors for Whittaker modules of nonsingular type
In what follows, we let n = 2, L = DerA 2 , ψ :
To describe the bases of the Whittaker module W ψ , we need the following notations.
Definition 3.1 Let (Λ, ≤) be a totally ordered set. A partition of Λ with length r is a non-decreasing sequence of r elements of Λ:
Denote by P(Λ) the set of all partitions with finite length.
denote l(λ) = r, and for α ∈ Λ, let λ(α) denote the number of times α appears in the partition. Clearly, any partition λ is completely determined by the values λ(α), α ∈ Λ. If all λ(α) = 0, call λ the null partition and denote λ =0. Note that,0 is the only partition of with length 0. We consider0 an element of P(Λ). For λ ∈ P(Λ), we also write
We denote x i,µα = 0, if µ α ∈ P.
Set z = d 1 (0). Following from the Poincaré-Birkhoff-Witt theorem, the set 
uw is a Whittaker vector if and only if u ∈ C[z].
In the proof, we need the following notations and lemmas.
Definition 3.3 Suppose λ, µ ∈ P, λ = µ.
(1) We say λ < µ if λ(α) < µ(α), where α is the minimum element in S λ,µ .
(2) We say
it satisfies one of the following conditions.
(
is a totally ordered set with minimum element (0,0, 0).
Proof. For (3.1), using Dz = zD, we have
, as required. Following from (3.1), we have (3.2).
Lemma 3.6 Any Whittaker vector of W ψ is of type ψ.
Using lemma 3.5, for D ∈ Ω, we have
Following from the Poincaré-Birkhoff-Witt theorem, uw can be write as
Lemma 3.7 Suppose k ′ > 0, we have
Lemma 3.8 Suppose k ′ = 0 and µ ′ =0. Let α = (α 1 , α 2 ) be the minimum element in S µ ′ .
(1) If α 1 > 0, then
, we have k = 0 and
Therefore, we have
For (2), let (λ, µ, k) ∈ P (uw) and v = d 2 (α + 2ε 2 )x λ,µ,k f λ,µ,k (z)w. If (λ, µ, k) ∈ Λ N , then |λ| + |µ| < N, which implies | deg v| ≤ |λ| + |µ| − α < N − α while v = 0. Thus we have
, we have k = 0 and µ ≤ µ ′ . Using α 1 = 0 and
If |(λ, µ, k)| = |λ ′ |, we have µ =0, k = 0 and λ λ ′ . We may write
2 ). Using α 1 > 0, we have
By the definitions of ψ and
as required.
(1) If l > 0, we have
where β = (0, β 2 ) is the minimum element in S η 2 ; (3) If l = 0 and η =0, then we have
where α = (0, α 2 ) be the minimum element in S λ ′ .
there is a positive integer n such that N = (0, n). For (λ, µ, k) ∈ Λ N , we have µ =0, k = 0 and |λ| = (0, n). Thus, we have
For (1) and (2), we can write
If l > 0, then using the definitions of ψ and W ψ (ξ, η, l − 1), we have
as required. If l = 0 but η =0, then let β be the minimum element in S η . Clearly, β = (0, β 2 ) for some β 2 ≥ 0. Using the definitions of ψ and W ψ (ξ, η β , 0), we have
For (3), suppose l = 0 and η =0. We can write
Let α = (0, α 2 ) be the minimum element in S λ ′ , using the definitions of ψ and
Therefore, uw is a Whittaker vector of type ψ.
Suppose w ′ = uw is a whittaker vector of W ψ . Using lemma 3.6, w ′ is a whittaker vector of type ψ. Following from the PBW-Theorem, we can write 
Simple Whittaker modules of nonsingular type
Recall that a module V of a Lie algebra g is said to be simple (or irreducible) if V is nonzero and has no nontrivial submodules. In this section, we study the submodule of universal Whittaker module for L of nonsingular type. We assume ψ : L + → C is a nonsingular homomorphism of Lie algebras, W ψ is the universal Whittaker module for L of type ψ with cyclic element w.
Lemma 4.1 Any nonzero submodule of W ψ has a Whittaker vector.
, then by theorem 3.2, w ′ is a Whittaker vector as required.
. We can get a Whittaker vector in M from w ′ through the following steps.
Step
Following from lemma 3.7, we have w ′ = 0 and deg(w ′ ) = (λ ′ , µ ′ , 0). Then go to step 2.
Step 2. If µ ′ =0 then l(µ ′ ) > 0. Let α = (α 1 , α 2 ) be the minimum element in 
